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ABSTRACT 
The transvections in any one conjugacy class A generate the symplectic group 
Sp(2n, 3) over GF(3). The elements in A are called A-transvections. There is 
a partition of the symplectic group into A-standard, A-exceptional, and A-sporadic 
transformations. There are two conjugacy classes of A-standard, three conjugacy 
classes of A-exceptional, and seven classes of A-sporadic transformations. We deter- 
mine the A-length of each symplectic transformation A, i.e., we determine Z,(A) = t 
such that there are A-transvections T, with A = T, ... T,, but A is not a product of 
fewer than t A-transvections. 
INTRODUCTION 
The symplectic group is generated by transvections. Since the inverse of a 
transvection is again a transvection, every element in the symplectic group is 
a product of transvections. In [S] we solved a length problem for the 
symplectic group over a finite field GF(q), q odd and q # 3. We showed 
that every symplectic transformation is a product of transvections in one 
conjugacy class, and for each transformation A we determined its length, i.e. 
the minimal number of factors needed in any product of this kind. It turned 
out that the length in general is the codimension of the space of vectors 
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fmed under A. Some transformations require one more transvection in their 
factorization. Those transformations are called exceptional. 
Here we shall study the just-described length problem for the remaining 
case, i.e. for the symplectic group over GF(3). The answer in this instance is 
more complicated; in addition to the exceptional transformations we also have 
sporadic ones. 
The typical process of optimal factorization of a transformation A requires 
finding a transvection T such that the space of fixed vectors for T-‘A is 
larger than that of A. For standard transformations there is such a T and one 
can keep going, i.e., one can find a suitable transvection now for T-lA, etc. 
For an exceptional transformation A the required transvection does not exist. 
The sporadic transformations can be considered to lie between the standard 
and the exceptional ones. They share properties with both of them. The 
process of finding transvections starts, but from some point on cannot be 
continued. 
Sporadic transformations exist for any given dimension of the space of 
fixed vectors, but they are more frequent when that dimension is large. It 
turns out, though, that for every exceptional or sporadic transformation A the 
codimension of the sum of the (1) and ( - l)-eigenspaces of A is at most 5. 
We shall determine the normal forms of all exceptional and all sporadic 
transformations. 
In Section 5 we determine the standard length. The proof is in fact a 
reduction of the problem to the same problem in path dimensions at most 7 
(the path dimension is the codimension of the space of fixed vectors). So the 
bulk of the work will occur for transformations with low path dimensions. In 
order to facilitate this task we include lists of normal forms of symplectic 
transformations as much as we need them. They are complete up to path 
dimension 5. The lists contain much of the information needed in the proofs. 
2. NOTATION AND BACKGROUND 
Let V be a vector space of dimension 2n over the field F = GF(3). We 
assume V is endowed with a nonsingular skew symmetric bilinear form 
f : V X V + F. Then there is some skew symmetric matrix J such that 
f(o, w) = u”J~c: for u, w in V and det J # 0. An invertible matrix A belongs 
to the symplectic group Sp = Sp(2n, 3) if and only if AtJA = J. 
Suppose A is in Sp. Let F(A) denote the space of vectors fixed under A, 
i.e. F(A) = kel( A - I>, and let B(A) denote the path of A, i.e. B(A) = 
im( A - Z). Further, let Fh( A) = kert A - AZ). 
For A E F* = F \ (0) the mapping T = Z + hut] is called a h- 
transvection. Clearly T is a member of Sp. Note that for any A in Sp the 
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trace tr T-lA = tr A + A( Au)~Ju. There are exactly two conjugacy classes of 
transvections. Every element A in the symplectic group is a product 
of transvections in one conjugacy class, A = T, ... T,., where all T, are 
A-transvections. We shall determine the minimal number r for which such a 
factorization is possible. Then r = Z,(A) is called the A-length of A. 
For A E F* and A E Sp with dim B(A) = s there are k = 2n - s 
A-transvections T,, . . . , Tk such that F(T, -0. Tk A) = (0). We define the 
invariant ph( A) = det(T, **I Tk A - Z). Note that pA( A) does not depend 
on the choice of A-transvections Ti. Then pA( I) = 1. If dim B(Z’- lA) = 
dim B(A) - 1 for some A-transvection T, then ph(T-‘A) = pA( A); if T is a 
p-transvection, then p,(T-lA> = Apph( A). Clearly Zh( A) > dim B(A) for 
any A in Sp, and Z,(A) > dim B(A) if p*(A) # 1. For details see [2] and 131. 
Let A E Sp. There is a A-transvection T in Sp such that F(T-lA) 2 F(A) 
if and only if there is some vector x in V for which x’JAx = -A-‘. Then 
the transvection T = Z + AwvtJ where v = (A - Z)x. The trace tr T-‘A = 
tr A + 2 + Axt]A2r. 
For A in Sp the space V can be written as a sum of indecomposable 
mutually perpendicular A-invariant subspaces, V = Vi @ *** @ V,. We write 
A=A,@ *** 63 A,, where A, acts on Vi. We use [4] as a convenient 
reference for a description of the indecomposable subspaces. We shall call 
A, @ **a @ A, the normal form of A. 
We need the normal forms for a number of transformations with low path 
dimensions (see [4] for a description of all normal forms). 
For p E F* 
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DEFINITION 2.1. The transformations 
(1) T_, @ - I,, 
(II) E-, @ - Zk, 
(III) -Zk> 
where k is even, are h-exceptional. 
We have seen in [3] that the h-exceptional transformations are exactly the 
transformations for which the basic equation xtJAx = -A-’ has no solution 
vector x. 
DEFINITION 2.2. The transformations 
(IV) s,” @ - Zk, 
6’) TA @ E-, @ - Zk, 
(VI) Th CB SgA, 
(VII) s,, 
(VIII) c,h CB - Zk, 
(IX) EA @ E_, @ - Z,, 
(Xl T,@S,, 
where k is even, are A-sporadic. 
A transformation that is neither A-exceptional nor h-sporadic will be 
called h-standard. 
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3. SPORADIC TRANSFORMATIONS 
We have singled out certain transformations in Sp by calling them 
sporadic. We are going to show that although the basic equation is solv- 
able for any h-sporadic transformation, it nevertheless is closely related to 
h-exceptional transformations, as the following theorems testify. Note that 
sporadic transformations do not occur in Sp(2n, F) where IFI > 3. 
THEOREM 3.1. lf A in Sp is h-sporadic, then for every A-transvection 
T in Sp for which F(T-‘A) 2 F(A), the transformation T-‘A is either 
h-exceptional or h-sporadic. In particular, 
E 
a3 
- 
(i) T-‘(S,*) = E_,,, 
(ii) Tml(Th CB E_,) = E_,, or -Z, 
(iii) Tp’(T, CB S,*\) = S,* or Th @ E-A, 
(iv) T-‘(S,) = SiA\, 
(v) T-l(C,“) = S,*, 
(vi) T-‘(E, f~ E-,) = T’ 613 Em,, 
(vii) T-l(T, f3 S,) = T* @ S,” or S,, 
(viii) T-‘(S,* CD - Z,) = 22 or E_,, @ - Z,, 
(ix) T-‘(T, @ E_, e - Z2) = E* @ E_, or E-, @ - I, or -I,, 
(x) T-‘(x,” CB - I,) = SiA @ - Z,, 
(xi) T-l(E, @I E_, CD - I,) = T* @ E-, CB - I,. 
NOW ~S,SWM k > 2 and k is even, and apply (viii) to (xi): 
(di) T-l(S;* $ - Z,) = T-l(S,” ~3 - I,) C3 - Zk-2 = 22 @ Zk-2 or 
h @ -Z,, 
(xiii) T-l(T, @ E-,, CB - ZJ = T-‘(T, CD E_, @ - I,) @ - Zk_2 = Eh 
E_, CB - I,_, or E-, @ - Zk or -Zk+2, 
(xiv) T-‘(x,” @ - Zk) = T-l(c; CB - Z2) CB - Zk_2 = (S,” @ - Z,) @ 
Z k-2 = scA @ - Zk, 
(xv) T-‘(E, 6~ E-, CD - Zk) = T-‘(E, @ E_, cl3 - Z,) @ - Zk_2 = 
(T’ CEI E_, CB - Z2) @ - Zk-2 = TA @ E-, @ - 1,. 
Further, each form listed on the right hand side of the equation occurs for at 
least one A-transvection T. 
Proof. (i): Put A = SLA. Let x = (a, p, y, 6)’ be a solution of the 
basic equation x ‘]AX = - h; then acx 2 + a/3 - CYY - /3 2 = 1; hence (Y + 
0, so (y2 = 1; then tr T-‘A = tr A - 1 + AxtJA2x = 1 - a2 = 0. Further, 
dim B(T-‘A) = 2, dim F_,(T-‘A) < 1, so T-‘A N E,. We determine 
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p: dim F_,(T-lA) = 1, dim F_,(A) = 0, -T-IA = T-‘(-A), so 
F(T-l( -A)) 2 F( -A) and therefore 
p,(T-‘( -A)) = p*( -A) = det( -S,’ - I) = 1. 
Since ph( -T-lA) = p*(T_, CB - Zz) = -hp., we obtain /L = -A. Thus 
T-lA N E which is A-exceptional. 
(ii): See;roof of [3, Theorem 4.31. 
(iii): Put A = Th CB S,“, and 1 e t x = (5, 7, (Y, P, y, 8)” solve the equa- 
tion xtJAx = -A. Then -E2 - aa2 - CYP + p2 + cxy = -1, where a is 
one of the entries in J, and tr T-‘A = -_(y2, i.e. tr T-‘A = 0 or - 1. If 
trT-‘A=O,thenLu=O, -~2+~Z=-I;hence~#0,~=0.Further, 
dim B(T-‘A) = 3, dim V = 6, F(T-‘A) = F(A) @ (x), so F(T-‘A) is not 
totally isotropic. Therefore T-‘A N S,, where pA(T-‘A) = - A/_L = p*(A) = 
1 implies /..L = -A. Now assume tr T -‘A = -1, then cr # 0, a2 = 1. Then 
T-‘A N T, @ E,, since dim F_ 1(A) = 0 implies T-lA * T, @ - I,. Now 
p,(T-‘A) = A/L = p,(A) = 1; h ence /.L = A. Further, dim F_,(T-‘A) = 1, 
so F_,(T-‘A) 2 F_,(A); therefore p,(T-‘(-A)) = p,(-A); hence -Av = 
1, whence u = -A. 
(iv): Put A = S,, and let x = (cr , /3, y, t,q, 5)” solve the equation 
xt]Ax = -A; then czq + /3[ + [a = A, so (Y or t # 0, and tr T-lA = 0. 
Since dim B(T-IA) = 3, dim V = 6, and F(T-lA) = F(A) @ (x) is not 
totally isotropic, we get T-‘A u SC, where p,(T-lA) = - A/.L = p,(A) = 1 
implies p = -A. 
(v): Put A = z:,“, and let x = ( CY, P, y, 8)” solve the equation rtJAx = 
-A; then acx2 + CY@ + cry + p” = -1 (a an entry in J); hence CY # 0, 
cz2 = 1, and tr T-‘A = 1. Since dim B(T-‘A) = 3, this yields T-‘A - SC, 
where p = -A as under (iv), since also in this case pA( A) = 1 and p,, 
(T-lA) = p,(A). 
(vi): Put A = E* CB E_,, and let x = (cr, fl, y, 6)$ solve the equation 
xtJAx = -A. Then --a2 + y2 = -1, whence LY # 0, a2 = 1, and y = 0, 
and tr TP’A = 0. Further, dim B(T-lA) = 3, dim V = 4, dim F_,(A) = 
2, and F_ 1( A) is totally isotropic. Therefore T- ‘A N T, @I E, , where we find 
p = A as in the preceding cases where T, was involved. 
Now we determine Y: Put T’ = T-‘; then T ’ is a ( - A)-transvection. Put 
A’ = -T-lA; then T ‘-lA’ = -A and dim F(T’-‘A’) = dim F(-A) = 
2, dim F( A’) = dim F( - T-‘A) = 1, so F(T ‘-lA’) 2 F( A') and there- 
fore p,(T’-lA’) = A( - A)p,( A’), so ph( -A) = - p*( - T-‘A), which yields 
v= -A. 
(vii): Put A = T* CB S,, and let x = (8, E, CY, j3, y, ,$,7,1, 5 )” be a solution 
vector of xtJAr = -A; then A8 2 + (~7 + pl+ ICY = A (hence not all of 
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6, CY, J equal zero), and tr T-lA = - 1. Further, dim B(T-lA) = 4, dim 
V = 8, p,(T-lA) = 1, and F(T-lA) = F(A) $ (x) is not totally isotropic, 
while F(A) is totally isotropic. Therefore T-lA - T, @ S; or S,. If T- ‘A N 
T, $ Sl, then p*(T-‘A) = hp(- Au) = 1, so p = - v. 
We determine v: The minimal polynomial of T-IA is ( y - 1)4. The 
subspace on which Sl acts is cyclic and generated by some vector z in V 
for which (T-IA - Z)3~ # 0. Then {z,(T-‘A - Zk,(T-‘A - Z)2z,(T-1A - 
Z)3z} is a basis for this subspace and ztJ(TplA - Z)3z = v. A somewhat 
lengthy but routine calculation shows that (T-lA - Z>3 # 0 if and only if 
cr, b # 0. Let .z = (z,, . . . , .Q; then (T-IA - Z)3.z # 0 implies za = - 
alz3 f 0, so choose z3 = 1. We obtain v = ztJ(TplA - Z)3z = -A. So 
v= -A,whencep=A. 
(viii): Put A = S,” @ - I,, and let x = (a, p, y, 6, 5, T)~ solve the 
equation xt]Ax = - A; then a (Y 2 - ay+crP-P2=1;hence cr#Oand 
tr T-‘A = 1. Further, dim B(T-lA) = 4, dim V = 6, p,(T-lA) = 1. Choose 
5, 7~ such that F(T) d F_,(A) (i.e., 5 or 77 distinct from zero); then 
T-‘A N 2:. 
If F(T) 1 F_,(A), then F_,(T-lA) 1 F_,(A), which is regular. 
Therefore T- ‘A N E, ~3 - I,, where v = -A, since here T-lA = T-l 
(s,*) a3 - I,. 
Now assume T-‘A N I%f and determine p: The minimal polynomial of 
T-lA is min T- ‘A = ( y + 1)4( y - l), the characteristic polynomial is char 
T-lA = (y + 1>4( y - l)‘, since dim V = 6. The transformation 2: acts on 
a cyclic space generated by some vector z in B(T-‘A) such that (T-‘A - 
Z)3.z + 0, V = B(T-‘A)@F(T-lA), F(T-‘A) = F(A) @ (x). Then for 
every w in B(T-‘A), w = (w,, . . . ,w,$, we have wi = 0, UJ, = -(a + 
@y)w2 + (-1+ ap>w3 + ha7Zw, - Aatw,. We find that for every gener- 
ator z of the cyclic space B(T-‘A) with basis {z,(T-lA + Z)z,(T-‘A + 
Z)‘z,(TplA + Z)3z}, we have ~2s - tza z 0, which is possible, since we 
assume n or 5 # 0. Now we obtain 
-/L = ztJ(T-lA + Z)3z = - A(qz, - r$,)” = -A, 
so j..t = A. 
(ix): Put A=T,@E_,@ -I,, and let x=(~,T,(Y,@,~,E)~ be a 
solution of xtJAx = -A; then -e2 + a2 = -1, so LJZ 0, CY = 0, and 
tr T-‘A = 1. 
If F(T) 3 F_,(A), then dim F_ ,(T-lA> = 2 and TplA - E,, @ E, where 
p= -v. 
As in the proof of (vi), put T’ = T-‘; then T’ is a ( - A)-transvection. Put 
A’ = -T-lA; then T’-‘A’ = -A, dim F(T’-‘A’) = 3, dim F( A’) = 2, SO 
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F(T ‘-‘A’) 2 F( A’), whence p,(T ‘-lA’> = - pA( A’), which yields /_L = - v. 
Thus T-IA N EA @ E_,. If F(T) I F_,(A), then 2 < dim F_ ,(T-lA) Q 
4 and T-lA N E_, @ - I2 or N -Z4, since here T-‘A = T-VT, @ 
E-,) CD - I,. 
(x): Put A = C,^ CD - I,, and let x = (a, P, y, 6, 6, rljf be a solution 
of X~]AX = -A. Then acx2 +ap+cuy+P2= -1, then a#0 and 
tr T-lA = -1. Further, dim B(T-‘A) = 5, dim V = 6, p,,(T-‘A) = 1, dim 
rad B(T-lA) G 1, 2. G dim F_,(T-lA) < 4, dimrad F_,(T-‘A) Q 2. Then 
T-lA -s,GB -I 
(xi): Put A = ;A @ E_, @ - I,, and let x = (a, P,-y, S,5, qY be 
a solution of X”]AX = -A; then (Y z 0, y = 0, and tr T-lA = 1. Fur- 
ther, dim B(T-‘A) = 5, p,(T-‘A) = 1, 3 < dim F_,(T-‘A) G 5, 1 Q 
&n rad F_,(T-‘A) < 3; therefore T-lA _ Tp CD E, @ - I2 where P = A, 
since p,(T-‘A) = hp = p,(A) = 1. We determine v with the help of the 
(- A)-transvection T’ = T-’ again, as under (vi> or (ix), and obtain v = - A. 
n 
THEOREM 3.2. If A in Sp is A-sporadic, then 
I,,( A) > dim B(A). 
Proof. Assume A = Tl *** Tk, where Ti are A-transvections and k = 
dim B(A). Then dim B(T;lA) = k - 1, and TF’A is A-exceptional or 
A-sporadic by Theorem 3.1. Eventually TLJ1 ..* TL1 TF ‘A = Tk is A- 
exceptional, which is not true. n 
4. FACTORIZATION OF A-STANDARD TRANSFORMATIONS 
The factorization of A-standard transformations will be done using 
induction. We shall show that, if A in Sp is A-standard, there is some 
A-transvection T such that TmlA is also A-standard and dim B(T-‘A) = 
dim B(A) - 1. For transformations with path dimension up to 4 the calcula- 
tions are straightforward. A complete list of these transformations is provided 
in Tables l-4. We explain some symbols occurring in this list: For /_L E F*, 
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TABLE 1 
TRANSFORMATIONS A IN Sp WITH dim B(A) = 1 
A T-lA PS A) A spor A exe I,( A) 
TA 12 
T-A - 
1 
1 v 
1 
2 
TABLE 2 
TRANSFORMATIONS A IN Sp WITH dim B(A)= 2 
A T-‘A P*( A) A spor A exe Z,(A) 
E* Z 1 2 
E-, 1 r/ 4 
-12. 1 1/ 3 
Gg” T -A -1 3 
2 
3 
a x2 + 1 irreducible. 
TABLE 3 
TRANSFORMATIONS A IN Sp WITH dim B(A)= 3 
A T-‘A PA( A) A spor A exe Ih( A) 
Si -1 4 
S,A E -A 1 r/ 5 
Tp @ % Tp @ TA 
3 
4 
T-, @ E_, Gc? -1 4 
T,eE_, 1 v 4 
TA @ - I, E* 1 3 
T-, @ - I, -1 r/ 4 
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TABLE 4 
TRANSFORMATIONS A IN Sp WITH dim B(A)= 4 
A T-‘A m( A) A spor A exe I*( A) 
@P T-, 8 G,” 1 
TA @ G,” 
T-, @ G,” 
S,A 
S,” 
-c = i 
1 
-1 
-1 
1 
1 
1 
T, @ G; 
T-, @ E_, 
Th CB E-, 
--A/A= _: 1 
Th d - I, 
-1 
1 
1 
1 
1 
1 
1 
-1 
-1 
1 
1 
-1 
t 
1 
kPz= __I 
-/iv= P1P2 = -1 
1 
1 
1 
1 
-k/+2 = -1 
4 
4 
5 
5 
4 
ti 5 
J 6 
4 
5 
5 
v 5 
r/ 5 
4 
r/ 5 
4 
v 5 
5 
5 
4 
4 
5 
4 
5 
2 
ii 
VIVZ = hv = 
i 
1 
-1 
10 0 0 -1 10 a 1-a’ 
QP=lOO 0 1 
010 1’ 
where J = j_b 1’; _,” E i , 
\OOl 0 , a 1 -a 01 
a E F; 
0 10 -1’ 
c E F*, 
0 0 1 -c/ 
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where 
f 0 b -cb\ 
J= 1; E a b 0 ’ a#Oor b+O; 
\ cb r; -a i, 
@= 
where 
J= 
0 
1 0 0 
1 -1 0 0 
0 0 0 
0 0 1 1 I 1’ 
0 0 a b\ 
0 0 b-a a 
IiZ 
a-b 0 0’ 
-a 0 0 I a#Oor b#O. 
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If our A-standard transformation A has a composite normal form, it is often 
possible to obtain the desired A-transvection T as described above from a 
A-transvection acting only on one term of A. The following observation will 
be useful. 
Let A = Gg CB A, where A # I is not A-exceptional. Then there is some 
A-transvection T in Sp such that dim B(T-‘A) = dim B(A) - 1. Since Cc 
is not a term of any A-exceptional or A-sporadic transformation, T-lA = 
Gg CB T-‘A is A-standard and dim B(T-‘A) = dim B(A) - 1. 
’ The list of transformations A in Sp with dim B(A) = 5 is again complete; 
it is given in Table 5. We state a number of the results displayed there in 
separate lemmas. We include the proofs, since they show some of the 
techniques applied in order to obtain our goal. 
The only indecomposable transformation of path dimension 5 has the 
following normal form: For /.L E F*, a, b E F, 
1 
1 1 
sg = 1 1 
1 1 
1 1 
1 1 
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TABLE 5 
TRANSFORMATIONS A IN Sp WITH dim B(A)= 5 
A T-IA PA(A) A spor A exe 
Standard 
Standard 
Th@S3’orS4 
T_, @ ScA 
T, @ TA d E-, 
EA @ - I, 
Sporadic or exceptional 
E.g. T, @ T, ~3 E, 
Sporadic or exceptional 
Standard 
Standard 
AP 
All 
1 v 
-1 
Al-L 
1 
-1 r/ 
1 v 
1 
1 v 
-Au 
AU 
where 
IO a b b-l 1 -1 
0 -b 1 1 0 
1; b 0 -1 0 0 
J=P l-b -1 1 0 0 0 
-1 -1 0 0 0 0 
\ 1 0 0 0 0 o/ 
LEMMA 4.1. Let A = SC in Sp(2n, 3). Then A is A-standard. There is a 
h-transvection T such that dim B(T-lA) = 4 and T-‘A is h-standard. 
Proof. The invariant pA( A) = hp. For every A-sporadic or h-exceptional 
transformation A’ with dim B( A’) = 4, the invariant p*( A’) = 1 and the 
trace tr A’ is 0 or 1 if dim V = 6. So if p = -A, then T-‘A is A-standard for 
every A-transvection T for which dim B(T-‘A) = 4, since in this case 
p*(T-‘A) = ,oA( A) = - 1. 
Now assume p = A, and let x = (cr, p, y, 8,~. 6)” be a solution of 
the equation xtJAx = -A. We can find solution vectors x such that tr 
TplA = - 1, i.e., the coordinates of x satisfy the two equations 
aa ’ - bp2 - y2 + ba/3 - bay + CUT + /3y - pe - q = - 1, (I) 
ba2 + fi2 - (up + cxy = - 1. (II) 
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Clearly (II) implies o # 0. Then for every P and every a f 0 there is some 
y such that (II) is satisfied. Now for every (Y # 0 and every p, y, 5 there 
is n such that (I) is satisfied. So TIA is A-standard. n 
LEMMA 4.2. Let A = T, $ C,Y in Sp(2n, 3). Then A is A-standard. There 
is a A-transvection T such that dim B(T-‘A) = 4 and T-IA is A-standard. 
Proof. The invariant ph( A) = hp. As for A in Lemma 4.1, we see that 
T-‘A is A-standard if p = -A. 
Now assume I_L = A, and let x = (t, 7, (Y, /3, y, 6jt be a solution of the 
basic equation xfJAx = -A. We can find solution vectors x such that 
tr T-lA = -1 , i.e., the coordinates of x satisfy the two equations 
(a - 1)a2 + yo + a/3 + p2 = - Av, (I) 
- t2 + Am2 = 0. (11) 
If v = -A, we choose CY = 5 = 0, /3 z 0; then (I) and (II) are satisfied. If 
v = A, (I) implies (Y # 0; then for every (Y + 0 and every p there is some 
y such that (I) holds. Ch oose 5 # 0; then also (II) holds. So T-IA is 
A-standard. W 
LEMMA 4.3. Let A = Ep @ S,Y in Sp(2n, 3). Then A is A-standard. There 
is some A-transvection Tsuch that dim B(T-‘A) = 4 and T-‘A is A-standard. 
Proof. Here ph( A) = -Av. As for A in Lemma 4.1 or Lemma 4.2, 
we see that T-‘A is A-standard if v = A. Now assume v = -A, and let 
x = (&,Q, cz, P, 7, Sjt solve the basic equation x’]Ax = -A. Then 
-pt2 - Aaa2 - Aaj3 + Aay + AD2 = -A, (*> 
and tr TplA = - 1 + Apt2 - 02. If Ap = 1, take 5, (Y # 0; then tr 
T-lA = - 1 and for every 5, (Y # 0 there is some y such that (* ) holds. If 
Ap = - 1, then tr T-‘A = - 1 implies 5, (Y = 0, but then (*> is not satis- 
fied. However, there is some T such that tr T-‘A = 1 (for e2 + a2 = 1). 
Choose (Y # 0, 5 = n = 0; then for every CY # 0 and every /3 there is some y 
such that (*) holds, and T-‘(E_, @ S,*\) = E_, CB T-‘(S,“) N E_, @ 
E _A, which is A-standard. 
AI1 remaining transformations A with dim B(A) = 5 are of the 
form A = T, @ A where dim B(A) = 4 and A is A-standard. So there is a 
A-transvection T such that dim B(T-‘A) = 3 and T-‘A is A-standard. 
14 ERICH W. ELLERS 
Extend T such that T-lA = T, @ T-‘A. Then dim B(T-‘A) = 4 and T-lA 
is A-standard. n 
In order to deal with transformations A with dim B(A) = 6 we need a 
few preparatory lemmas. 
For /J E F* and a, b E F, 
(-1 
1 -1 
zg = 
1 
\ 
where 
0 a 
1; -II 
J=p b-1 -1 
-1 1 
-1 0 
-1 
1 -1 
1 -1 
1 -1 
bl-b 11 
b 1 -1 0 
0 1 0 0 
-1 0 0 0 
0 0 0 0 
0 0 0 0 
LEMMA 4.4. Let A = 2: in Sp(2n, 3). Then A is A-standard. There is a 
A-transvection T such that dim B(T-IA) = 5 and T-IA is h-standard. 
Proof. Let x = (cy , p, y, 6, E, C >” solve the basic equation xtJAx = - A; 
then 
p(a2a + p2b + y2 + apb + cxyb + ay + /3y + /?S - exe) = -A (*) 
and tr T-‘A = 1 + hp( (r2b + p2 + a/3 + cry). Further, p,(T-lA) = 
pA( A) = 1, dim B(T-lA) = 5, dim F_ ,(T-lA) < 2, dim rad B(T-lA) < 1. 
So, if T-lA is not A-standard, then T-lA N S,” CD - I,, whose trace is - 1. 
Choose CY # 0; then (r2b + p2 + cxp + cxy = 0 is linear in y and therefore 
always solvable. Then (* > can always be solved for E at any choice of (Y # 0, 
/3, S, and y. Thus tr T-lA = 1 and T-‘A is A-standard. W 
We have to consider yet another indecomposable transformation of path 
PRODUCTS OF TRANSVECTIONS 15 
dimension 6: 
ic w) where C= (-: -: _I] and 
J=(z -‘). 
LEMMA 4.5. Let A = I&, 3 in Sp(2n, 3). Then A is A-standard. There is a 
A-transvection T such that dim B(T-‘A) = 5 and T-‘A is h-standard. 
Proof. Let x = (a, P, Y, 5, rl, 6)” b e a solution of the basic equation 
xtJAx= -A.Then-an-pl+(w[= -A,soaor~#O,andtrT-‘A=l. 
Further, dim B(T-‘A) = 5, p,(T-‘A) = p,(A) = 1, 1 < dim F_,(T-‘A) < 
3, dim rad B(T-‘A) < 1. Choose y # 0 or 6 # 0; then F(T) 3 F_,(A); 
hence dim F_,(T-lA) = 1, and T-IA N Th @ Xl, which is A-standard. W 
LEMMA 4.6. Let A = S, @ - I, in Sp(2n, 3). Then A is A-standard. 
There is a A-transvection T such that dim B(T-‘A) = 5 and T-lA - Ep @ 
SF” for some p E GF(3)*. 
Proof. Let x = (a, p, y, 5, 7, 5, 8, &It solve the basic equation 
x’JAx= -A.Thena~+p[+(u~=A,whenceaor~#O,andtrT-’A= 
1. Further, dim B(T-‘A) = 5, p,(T-‘A) = p*(A) = 1, F(T-‘A) = F(A) @ 
( x >, which is not totally isotropic. If F(T) 1 F_ 1( A), then there is T such 
that T-lA N S, -’ @ - I, which is A-sporadic with trace 1, since dim V = 8. 
In order to avoid this we choose T such that F(T) 2 F_,(A) (i.e., we choose 
6 f 0 or E # 0). Then dim F_,(T-lA) = 1 and T-lA N ST” @ E,, which is 
A-standard. H 
LEMMA 4.7. Let A = TA @ S,” @ - I, in Sp(2n, 3). Then A is A- 
standard. There is a A-transvection T such that dim B(T-‘A) = 5 and 
T-‘A N E, f33 S,? 
Proof. Clearly there is a A-transvection T such that T-‘(T, $ - Z,) N 
E,,. Extend T so that T-lA = T-‘(T, ~3 - I,> @ S,^ - E, @ ST*. I 
The list in Table 6 is not complete. There are transformations A with 
dim B( A) = 6 which are deliberately suppressed here, e.g. transformations A 
with ph< AI = - 1 and also some indecomposable ones. But the present list 
contains all normal forms of transformations A which we need in subsequent 
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TABLE 6 
SELECTEDTRANSFORMATIONS A WITH dim B(A) = 6 
A T-IA PA( A) A spor A exe 
‘c$ Standard 1 
c 
cp” es,3 I, 
Standard 1 
T_, Q G,y’ 8 - I, 1 
cp”@E, T_, CB G,“’ @ EP 1 
Vre -I, T_,@G,“@ -I, 1 
‘P CB E, T_,@G,“eE, 1 
2; @ - I, S,“@ -I, 1 v 
2; A .a3 - I, T_,eG;e -1, 1 
2; TV E, S,“@E 1 
Z,” cBE 
s, 63 - 1; 
T _,eG;&E, 1 
SiA QE 1 
S, @ Ep S,” @ E” 
E.g. G,” Q “s; 
1 
s; e3 s; 1 
s,” Q s,* E -,j @ syA 1 
Sih@Th@ -I 
E, @ EP @ - I,” 
Eh @ S,” 1 
Th @ E, 0 - I, 1 
Eh d E_, @ - I, TA fB E_, @ - I, 1 r/ 
E, 6B E, @ E, TA 8 EA @ E, 1 
TA aa TA CB S, TA @ Th d S,’ 1 
T,@T,@E_,@ -1, T_hc%G;C+ -I, 1 
proofs. All these satisfy the following conditions: 
and one of 
(i) 1 < dim F_,(A) < 4, 0 < dim rad B(A) Q 2, 
(ii) 0 Q dim F_,(A) < 1, 2 Q dimrad B(A) < 4. 
Also, those transformations A for which A = T, @ A where dim B(A) = 5 
and A is A-standard, or A = Gc CEJ A where dim B(A) = 4 and A is not 
A-exceptional, are not listed, since we can use the following observation: If 
A = T, CD A, where dim B(A) = 5 and A is A-standard, then there is a 
h-transvection T in Sp such that dim B(T-‘A) = 4 and T-‘A is h-standard. 
Extend T so that T-lA = T, @ T-‘A. Then dim B(T-lA) = 5 and T-lA is 
h-standard. 
We turn our attention now to transformations A in Sp whose paths are of 
dimension 7. Later we shall show that for every h-standard A there is a 
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A-transvection T in Sp such that T-‘A is h-standard and dim B(T-‘A) < 
dim B(A). As preparation for that proof we treat a number of special cases 
here. As in the considerations of transformations A with path dimension 6, 
we shall not present a complete treatment of all A for which dim B(A) = 7, 
but we shall include all those that satisfy the condition 
P,(A) = 1, dimrad B(A) = 1, and 2<dimF_,(A) ~5. (*) 
If A = Gg CB A where A is not A-exceptional, or if A = - 1 CB A where 
A is A-standard, then since dim B(A) = 5, th e d esired A-transvection exists. 
If A = Tp @ A where A is A-standard and either p,(A) = - 1, or A 
satisfies either 
0 Q dim rad B(A) < 2, 1 < dim F_,(A) < 4 
or 
2 < dim rad B(A) < 4, 0 < dim F_,(A) < 1, 
then by [3, Theorem 3.21 or by our considerations on transformations with 
path dimension 6, the desired A-transvection exists. 
These comments, Lemma 4.8, and the list in Table 7 cover all cases in( * >. 
LEMMA 4.8. Let A = ST” @ E, @ E, in Sp(2n, 3). Then A is A-standard. 
There is some h-transvection T such that dim B(T- ‘A) = 6 and T- ‘A is 
h-standard. 
Proof. By Theorem 3.1 there is a A-transvection T such that T-lS,” N 
E_,. Extend T such that T-lA u T-‘S,” @ E, @ E, N E_, @ E,, @ E,; 
hence dim B(T-lA) = 6 and T-lA is A-standard. W 
TABLE 7 
SELECTED TRANSFORMATIONS A WITH dim B(A) = 7 
A T-lA p*(A) A spor A exe 
s; 03 - 1, Standard 1 
ST*@ -I 
si*cI3 -I,& 
Sporadic or exceptional 1 w 
S;A8Ep@EC 
Standard 1 
Th @ EA 8 - I; 
Standard 1 
Th ed Th @ - I4 1 
TA Q E_, 6B - I4 -1s 1 W 
TA Q E,, @ E,” CB - I, Standard 1 
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5. THE LENGTH OF A A-STANDARD TRANSFORMATION 
Since B( A, A,) c B(A,) + B( A,) f or any two transformations A, and 
A,, it is apparent that dim B(T, *** Tk) < k if Ti are A-transvections. This 
implies I,( A) > dim B(A) f or any transformation A in Sp. We have seen 
already (Theorem 3.2) that Z,(A) > dim B(A) for any A-exceptional or 
A-sporadic transformation A, or if A is A-standard and pn( A) = - 1 ([2, 
Theorem 41 or [3]). We shall establish Zh( A) = dim B(A) for all remaining 
transformations A. 
THEOREM 5.1. Suppose A is a h-standard transformation in Sp(2n, 3) 
and dim B(A) > 4. Then there is a A-transvection T in Sp such that 
F(TPIA) 2 F(A) and T-‘A is A-standard. 
Proof. First assume p,(A) = - 1. By [3, Theorem 3.21 there is 
some A-transvection T such that dim B(T-lA) < dim B(A) and T-lA is not 
A-exceptional. Since p,(T-‘A) = - 1, T-‘A is A-standard. 
From now on we assume p,(A) = 1. Obviously there is a A-transvection 
S in Sp such that dim B(S-lA) = d’ im B(A) - 1. We distinguish a number 
of cases. 
(i) Suppose S - ‘A = EA @ - I,, k even, for some S. Then k > 2 and 
A = A @ - Zkpz, where dim B(A) = 5. Comparing (- 1)-eigenspaces, we 
see A # TA @ S,. So A is A-standard. Thus there is some A-transvection T 
such that dim B(T-‘A) = 4 and T-‘A is A-standard. Therefore T-‘A = 
T-‘A @ - Zk_a is also A-standard. 
(ii) Suppose S-IA = -I,, k even, for some S. Then k > 4 and A = 
A @ - lkp2, where dim B(A) = 3 and A is A-standard. Thus there is some 
A-transvection T such that dim B(T-‘A) = 2 and T-‘A is A-standard. So 
T-IA = T-‘A @ - lk_2 is also A-standard. 
(iii) Suppose S-lA = S,” @ - I, or T* $ E_, @ - I,, k even, for 
some S. If k = 0, then dim B(A) = 4, so there is some T such that dim 
B(T-IA) = 3 and T-IA is A-standard. If k > 2, then A = A @ - Z,_,, 
where dim B(A) = 6 and 1 6 dim F_,(A) < 4, 0 < dimrad B(A) < 2. 
Also, A is A-standard. Thus there is some A-transvection T such that dim 
B(T-IA\) = 5 and T-‘A is A-standard. So T-lA = T-‘A @ - Zk_2 is 
A-standard. 
(iv) Suppose SPIA = Th CD ST” or S, for some S. Then dim B(A) = 5. 
Thus there is some A-transvection T such that dim B(T-‘A) = 4 and T-‘A is 
A-standard. 
(v) Suppose S’A = C,^ @ - I, or E* @ E_ h @ - Ik, k even, for some 
S. If k = 0, then dim B(A) = 5. So th ere is some A-transvection T such 
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that dim B(T-lA) = 4 and T-lA is A-standard. If k > 2, then A = A @ - 
Ik-?.> where dim B(A) = 7 and dimrad B(A) = 1, 2 < dim F_,(A) < 
5. Also, A is A-standard. Thus there is some A-transvection T such that 
dim B(T-‘A) = 6 and T-‘A is A-standard. So T-iA = T-‘A @ - Ik_, is 
A-standard. 
(vi) Suppose S’A = TA @ S, for some S. Then dim B(A) = 6 and 
0 < dim F_,(A) < 1, 2 < dim rad B(A) < 4. Thus there is some A- 
transvection T such that dim B(T-‘A) = 5 and T-IA is A-standard. 
This finishes the proof of Theorem 5.1. 
THEOREM 5.2. Assum A in Sp(2n, 3) is A-standard. Then 
Ih( A) = 
i 
dim B(A) ij’ ph( A) = I, 
dimB(A) + 1 if p,(A) = -1. 
Proof. The statement is true for dim B(A) = 1, 2, 3, and 4. Now 
let dim B(A) > 4. By Theorem 5.1 there is a A-transvection T such that 
dim B(T-lA) = dim B(A) - 1 and T-lA is A-standard. Now we can use 
induction. n 
6. THE LENGTHS OF A-EXCEPTIONAL AND A-SPORADIC 
TRANSFORMATIONS 
We shall determine the lengths of all A-exceptional and all A-sporadic 
transformations. It is remarkable that, besides ST* and S,, also all A- 
exceptional transformations of type II have length dim B(A) + 2. 
LEMMA 6.1. Let A = T_, $ - I,, k > 0, k even; or A = -I,; or 
A = S,” @ - I,; or A = C,h @ - I,, k > 2, k even. Then there is some 
A-trunsvection T in Sp such that dim B(T-‘A) = dim B( Aj, T-lA is 
A-standard, and p,(T-‘A) = 1. 
Proof. Clearly in each case there is a A-transvection T in Sp such that 
T-l(T_, @ -Zk) =Th@ -I,, 
T-‘( -Zk) = EA CD - Zkp2, 
T-l&” @ - zk) = s,” @ E, @ - zk_2, 
T-‘(X; @ - Zk) = 2; CI3 EA CT9 - Zk_2. 
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LEMMA 6.2. Let A = Th @ E_ A @ - Zk, k even. Then there are A- 
transvedions S and T in Sp such that dim B(T-lS-‘A) = dim B(A) - 1, 
TmlSIA is h-standard, and p,(T-‘YIA) = 1. 
Proof. Let k = 0. There are A-transvections S and T such that 
T-‘S-‘A = T-‘(-I,) = EA. Let k 2 2; then T-lS-lA = T-‘(--I,+,) = 
E,@ -Zk. n 
LEMMA 6.3. Let A = TA @ ST’ or A = EA @ E_, @ - Zk, k even. Then 
there are h-transvections R, S, T such that dim B(T-‘S-‘R-lA) = dim 
B(A) - 2, T-lS-lR-lA is A-standard, and p,(T-‘S-‘RmlA) = 1. 
Proof. Clearly in each case there is a A-transvection R in Sp such that 
R-‘(T, 63 S,“) = Th @ E_,, R-‘(En @ E_, @ - Zk) = Th CD E_, @ - Z,. 
Now apply Lemma 6.2. n 
LEMMA 6.4. Let A = Th @ S,. Then there are h-transvections Q, R, S, T 
such that dim B(T-‘S-lR-lQ-lA) = dim B(A) - 3, T-‘S-lR-lQ-lA is 
h-standard, and p,(T-lS-‘R-‘Q-lA) = 1. 
Proof. There is some A-transvection Q such that Q-lA = Th @ S,“. 
Now use Lemma 6.3. n 
LEMMA 6.5. Let A = X.,^ in Sp(2n, 3). Then I,( A) = 5. 
Proof. Let T be a A-transvection, T = Z + hvvtJ, and let v = ((u, 
P, y> SY. 
Assume dim B(T-lA) = dim B(A) = 4; then B(T-‘A) = B(A) = 
V, and F(T-‘A) = F(A) = {O). Further, dim F_,(T-‘A) < 2, dim rad 
B(T-‘A) < 1, and tr T-‘A = -1 - (aa + (YP + p2 + a-y), where a is an 
entry in J. Also assume p,(T- ‘A) = 1. This yields the following possible 
forms for T-lA: @ *, whose trace is 0; 0 for c = - 1, whose trace is 1; zP, 
trace - 1; E, @ E,, trace - 1; Gg @ G,V, trace 0. We choose (Y, /3, y, S such 
that tr TblA = 0, i.e. aa + ap + p2 + ay = - 1, which can be achieved 
if LY # 0. Then for every (Y # 0 and every p and a there is some y such that 
this equation holds. Therefore T-lA is A-standard; hence Z,(T-‘A) = 4, since 
pA(T-lA) = 1. So there is a factorization of A into five A-transvections. Thus 
I,( A) = 5. a 
LEMMA 6.6. Let A = ST* in Sp(2n, 3). Then i,(A) = 5. 
Proof. Since A is not A-exceptional, there is a A-transvection T such 
that dim B(T-lA) = 2. By Theorem 3.1, for every such T, TmlA = E_,. By 
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[3, Theorem 4.11 ZA( E _ A) = 4, so any such factorization of A has five factors, 
whence ZA( A) < 5. 
Now assume T is a A-transvection such that dim B(T-‘A) = 3 and 
p,(T-lA) = 1. Th en dim rad B(T-‘A) < 2 and dim F_ #-‘A) < 1. This 
implies T- ‘A N S,“, T, CB E,, or T_, cl+ GK. 
Let T- ’ = Z - AvvtJ f or some vector zi = (cr , p, y, 6 )“. Then 
tr T-‘A = tr A + A( Au)~Ju = 1 + (Y’U + IX/~ - cry - p2, 
where a is an entry in ]. 
Clearly tr(T_, @ G,j‘) = - 1 and tr T-‘A = -1 implies (Y + 0. One 
calculates easily that (Y # 0 yields F(T-‘A) = IO], which is not true. 
Assume T- ‘A N STA; then T-lA is not A-standard. Assume T-‘A N 
TA CB E,. Then dim F_ ,(T-‘A) = 1, dim F_,(A) = 0, so F( - T-‘A) 3 
F( -A), whence ph( - T-lA) = ph( -A), i.e. - Ap = 1, so p = -A. 
Therefore T-‘A is not A-standard for any A-transvection T for which 
dim B(T-lA) = 3 and p,(T-‘A) = 1. So l,(A) z 5. n 
LEMMA 6.7. Let A = S, in Sp(2n, 3). Then l,( A) = 6. 
Pt-oaf By Theorem 3.1, for every A-transvection T such that 
F(T-‘A) 2 F( A), we have T-‘A - S, *, which is A-sporadic, and Z,(S, *) = 
5 by Lemma 6.6. Therefore A can be factored into six A-transvections and 
Z,(A) < 6. 
Now let T be a A-transvection, T = I + Avvt], and v = (a, p, y, 
,$,q, C)“. Assume dim B(T-‘A) = 4 = dim B(A); then B(T-‘A) = B(T) + 
B(A) = B(A); hence B(T) C B(A), which yields cr = 5 = 0. Then F’(T) 1 
F(A), dim F(T-‘A) = dim F(A) = 2, so F(T-‘A) = F(A), which is totally 
isotropic. 
Further, 1 < dim rad B(T-‘A) < 3, dim F_,(T-‘A) < 1, and tr T-‘A = 
tr A + A(Au)‘Jv = 0. Also assume p,(T-‘A) = 1. Then T-lA - S, or 
T -p @ SC. 
The minimal polynomial for S, is (x - 1j3; the minimal polynomial for 
Sf is (x - 1>4. 
A routine calculation shows that (T-‘A - Z)3 # 0 if and only if p # 0 or 
77 # 0. So under this assumption, T -lA * S,. We calculate (T-‘A - Z)4 = 0 
for any choice of coordinates of v. If there is a vector z in V such that 
(T-‘A - Z>3 # 0, then z generates a cyclic space with basis 
(z,(T-‘A - z>,,(T-l~ - I)“,,(T-~A - zj32) 
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for which T-IA has the normal form of Sr. To find /_L we have to calculate 
f(z, (T-‘A - Z)3.z) = p (see J belonging to the normal form of S,, Section 
2). Let z = (z,,..., z,)“; then (T-lA - Z)3,z # 0 implies p or r~ # 0 and 
q.zl + p.zg # 0. Then 
f(z, (T-lA - Z)3z) = zfJ(T-IA - Z)3x = -h(vz, + &)” = -A. 
So Z.L = -A and T-IS, = T* CT+ SF”, where l*(T* @ SF*> = 5. 
We have shown, for every A-transvection T for which dim B(T-IS,) = 
dim B(S,) we get again a factorization of S, into six A-transvections. 
Therefore Z,(S,) = 6. n 
LEMMA 6.8. Let A = E _* ~3 - I,. Then for every A-transvection T 
in Sp with dim B(T-lA) = dim B(A) and p*(T-lA) = 1, we have T-lA = 
E* @ E_* or -Z4. Further, l*(E_, @ - Zk) = k + 4, k even. 
Proof. There are A-transvections T such that T-lA u -Z, or T-IA N 
E_* @ E*. We find that these are the only possible forms for T- ‘A. 
Since A is A-exceptional, for every A-transvection T we have dim 
F(T-lA) = dim F(A) = 0, so dim B(T-IA) = dim B(A) = 4. 
L,et T = Z + AvvtJ for some vector v = (o, p, 5,~)~. Now dim 
F_,(T-‘A) d p d e en s on the choice of (Y, p, 5, 7~. It is easy to see the 
following: If (Y = 5 = 77 = 0, p # 0, then T-lA = -Z4. If cr Z 0, then 
dim F_,(T-lA) = 2 and F_,(T-‘A) is regular; hence T-lA = G[ @ - I,, 
but here p*(T-‘A) = - 1. If CY = 0 and 5 or 77 Z 0, then dim F_ ,(T-‘A) = 2 
and F_,(T-‘A) is totally isotropic, so T-‘A N E+ @ E,. Clearly dim F-r 
(T-‘A) = 2, dim F_,(A) = 3, -T-lA N T_, @ T_,, -A N T* @ I,. 
Put T’ = T-‘; then T’ is a (- A)-transvection. Put A’ = -T-IA; then 
T’-‘A’ = -A and dim F(T’-‘A’) = 3, dim F(A’) = 2, SO F(T’-IA’) 3 
F( A’) and p*(T’-lA’) = -p*(A’), which yields 1 = -pv; thus /.L = - V. 
Now we show that Z,( E _ * @ - Z,) = k + 4. For k = 0 this is [3, 
Theorem 4.11. For k 2 2 we first observe that E_* @ - I, is A-exceptional, 
so there is no A-transvection T such that for A = E -* @ - I,, dim 
B(T-‘A) < &n B(A). Now assume dim B(T-‘A) = dim B(A). Clearly, 
T-l(E _* @ - Zk) = T-‘(E_* CI+ - I, @ - Zk-2) = E* @ E-, @ - Zk_2 
or = -Zk+2. So we know Z*(T-lA) = k + 3; thus Z*(A) = k + 4. n 
THEOREM 6.9. Zf A = SiA\, S,, E_* @ - Zk, k even, then Z*(A) = 
dim B(A) + 2. 
For all other A-exceptional or A-sporadic transformations A the length 
I*( A) = dim B(A) + 1. 
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Proof. This is an immediate consequence of Lemmas 6.1 to 6.8 and 
Theorem 5.2. n 
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